ABSTRACT Low-dimensional ordered arrays of dielectric particles can possess bound optical modes having an extremely high quality factor depending on the material used. In this paper we address the following question: can bound modes be formed in dielectric systems where the absorption of light is negligible? Our investigation of circular arrays of spherical particles within the framework of the multisphere Mie scattering theory using the simplest dipolar-like approach shows that high quality modes in an array of 10 or more particles can be attained at least for a refractive index nr > 2; the most bound modes have nearly transverse polarization perpendicular to the circular plane; and in a particularly interesting case (TiO2 particles, n, = 2.7), the quality factor of the most bound mode increases almost by an order of magnitude with the addition of 10 extra particles, while for particles of GaAs the quality factor increases by almost two orders of magnitude. The error of the dipolar approach does not exceed one percent if nr >2. Minimum acceptable disordering not affecting the quality factor is also investigated.
INTRODUCTION
Scattering of light by objects of a size on the scale of an optical wavelength leads to strong interference. This fact supports the concept of using photonic crystals with a forbidden optical band in all directions to create localized defect states of light. In a sufficiently large sample of crystals, these defect states formed by resonance defect modes within the forbidden band serve as resonant cavities with extremely narrow resonance characterized by the width decreasing exponentially with the size of the sample.
Since it is very difficult to make a single perfect three-dimensional photonic crystal with a period on the scale of an optical wavelength, low-dimensional optical systems are attracting significant attention [1] . The simplest low-dimensional realization is represented by one-dimensional structures.
In this paper we show that long-living modes possessing a high quality factor can indeed be created using a few particles made of standard optical materials with refractive indices greater than 2.5. Following the preliminary publication [2] , we consider circular arrays of particles as one-dimensional objects of highest symmetry. We search for modes having the lowest frequencies (those related to the first Mie resonance), because modes with the longest wavelengths are the most easily bound. The following is a simple derivation for the quality factor of a circular array of dielectric spherical particles, which reproduces earlier results for Yagi arrays [4] - [5] . Assume that this array consists of N particles separated from each other by the distance a and placed periodically into a circle of radius R aN (2ff).
The particle array has a rotational symmetry where the rotation of the whole system is described by multiples of the angle a= 2;TN, (2) with respect to the center of the circle and an angular rotation of Na moves the system to its initial orientation. This symmetry permits us to use the analog of the Bloch theorem for the angular dependent optical mode amplitude A(q) in the form A(y+a) = A()e) mae (3) where y is the azimuth angle used in spherical coordinates and m is the integer number representing the projection of the mode angular quasi-momentum onto the z-axis. The requirement for m to be an integer is the consequence of the coordinate invariance after rotation by angle 2zT within the x-y plane. Since the change m e m + N does not affect equation (3), one can restrict possible values of the angular momentum projection m by the domain (-N /2, N 12) if N is an even number or (-(N -1) /2, (N + 1) /2) if N is an odd number. For simplicity, we restrict our consideration to only even numbers N so that N/2 is an integer number.
Consider the radiative decay of the whispering gallery mode possessing a certain value of the angular momentum projection m. Assuming that this mode is nearly localized within the circular array of particles, one can define its decay rate using its overlap t'm(R) with the wavefunction t'm(r) of the free photon possessing the same angular momentum projection. The angular momentum projection m corresponds to a total angular momentum / .m. Since at small radius R the photon wavefunction behaves as R' (Fig. 1) , one can expect the exponential reduction of the polariton mode decay rate with increasing its angular momentum projection m. With a more accurate approach, one can use cylindrical coordinates where the photon wavefunction radius dependence is represented by the Bessel function t'm(r) cc Jm(kr), with k= ct/ c as the wavevector of the resonant photon having the polariton frequency c. The whispering gallery mode decay rate can be estimated as the squared photon wavefunction taken at the position of the array rm , lJm(kR)12. The mode with the maximum angular momentum projection m = N 2 possesses a minimum decay rate because at large index m, the Bessel function always decreases with the increase of its index. The dependence of the minimum decay rate YN/2 on the number of particles can be found using the expression equation (1) in the form r(N)>,C JN12 (Nkal (2fT)), (4) If the interparticle distance a exceeds half the resonant wavelength (ka'z)>1), then the decay rate decreases exponentially with the number of particles N as r(N e KN) dN l = coshj _X2], x=-.
It is clear that the quality factor Q wl (2 >) increases with increasing N as e'Y. Later in this manuscript we will see that equations (4) and (5) are in agreement with the numerical calculations of whispering gallery modes in circular arrays of spherical particles.
MULTI-SPHERE MIE SCATTERING FORMALISM
In this work we use the multisphere Mie scattering formalism earlier developed by Y. L. Xu [3] (see also [6] 
where M is the 3Nx3N matrix extracted from equation (6.b). The diagonal elements of this matrix are inverse Mie scattering coefficients and its off-diagonal elements are defined by the matrix A of dipolar interactions between polarizations of different spheres. Vector b represents 3N expansion coefficients bA1. The nontrivial solution of equation (13) exists when matrix M has a zero eigenvalue. We need to find z with the smallest imaginary part that can make one of the eigenvalues of matrix M(z) go to zero. The starting value of z can be chosen as a standard Mie resonance frequency for a typical sphere. Then we define the functionj(z) as some eigenvalue of the matrix M(z) ( [7] - [8] ) that minimizes the absolute value of the imaginary part of z in the next step of iteration using the Newton-Raphson algorithm. The stable point of this algorithm is realized when J(z)=0. Then equation (7) and consequently equation (6.b) have a nontrivial solution because the matrix M has one zero eigenvalue.
CONCLUSIONS
According to theoretical analysis it is possible to create modes within the circular array with the decay rate exponentially decreasing with the number of particles N. Using the dipolar approximation of the Mie-scattering formalism, we found that the most bound mode is the transverse mode with polarization perpendicular to the circle plane and characterized by the quasi-angular momentum projection M= N/ 2 to the z-axis perpendicular to the plane. The quality factor for this mode is very high in GaAs, where it reaches 1014
for 70 particles (Fig. 2) . It is also large for TiO2 (1012 for N 100) (Fig. 3) , while in ZnO it does not exceed 200 even for 150 particles (Fig. 4) . For large N, one can identify two transverse modes and one longitudinal mode. Frequencies and quality factors for the two transverse modes are quite similar, while the frequencies of longitudinal modes are generally higher and their quality factors are smaller than those for transverse modes. The quality factor still increases exponentially with N for longitudinal modes in GaAs and TiO2, while all longitudinal whispering gallery mode in ZnO can be unbound. The dipolar approximation turns out to be surprisingly accurate for all materials we have studied. Accuracy improves with larger values for the refractive index n, because the resonances are narrower at higher n, so their coupling is weaker. However, even for the lowest refractive index n,= 1.9 which we have studied, the correction to the resonant frequency does not exceed 2% at a large number of particles. Figure 5 shows that disordering in particle sizes and placements remarkably reduce the quality factor of the system. The minimum acceptable disordering which does not strongly reduce the quality factor compared to the ordered system decreases exponentially with the number of particles. The rate of exponential decrease of acceptable disordering is smaller then the exponential growing rate for the quality factor. reducing the qualityfactor by around afactor of10.
